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Non-abelian magnetic black strings versus black holes
S. Habib Mazharimousavi∗ and M. Halilsoy†
Department of Physics, Eastern Mediterranean University,
G. Magusa, North Cyprus, Mersin 10 - Turkey.
We present d+1−dimensional pure magnetic Yang-Mills (YM) black strings (or 1−branes) induced
by the d−dimensional Einstein-Yang-Mills-Dilaton black holes. Born-Infeld version of the YM field
makes our starting point which goes to the standard YM field through a limiting procedure. The
lifting from black holes to black strings, (with less number of fields) is by adding an extra, compact
coordinate. This amounts to the change of horizon topology from Sd−2 to a product structure.
Our black string in 5−dimensions is a rather special one, with uniform Hawking temperature and
non-asymptotically flat structure. As the YM charge becomes large the string gets thinner to tend
into a breaking point and transform into a 4−dimensional black hole.
PACS numbers: PACS number
I. INTRODUCTION
A black string, as a black object [1–6] is the simplest
extension, of a black hole, with the addition of a compact,
killing coordinate. This definition does not include the
non-uniform black strings in which the metric functions
are explicitly dependent on the extra-coordinate [7–9].
More than one such additions makes the class of black
p−branes whose first member, 1−brane is a black string.
The addition of an extra, compact coordinate does affect
the Komar mass and total charge of the system, since it
arises in the total volume element. As the energy involves
the compact dimension that means, it arises also in the
thermodynamical functions, heat capacity, phase transi-
tions and other properties. Divergence in these thermo-
dynamical functions is known to create instability in the
system. Decay of a black string into a black hole (or
vice versa) is one of the possible scenarios that may take
place in this context. Depending on the critical mass
of a black string a possible instability was formulated
through perturbation analysis by Gregory and Laflamme
(GL), which is known as the GL instability [10]. It was
further argued that this kind of instability threatens all
black objects, not only black strings with a single com-
pact dimension. In the presence of a magnetic charge and
dilaton a black string may be stable when confined within
a range of compact dimension [11]. A similar instability
was demonstrated also for an electrically charged black
string [12].
In this paper our purpose is to construct generically
non-asymptotically flat (NAF) and non-spherically sym-
metric static black strings in higher dimensions from
pure magnetically charged Yang-Mills (YM) fields and
dilatons. To this end we employ certain classes of
Einstein-Yang-Mills-Born-Infeld-Dilaton (EYMBID) so-
lutions that we had obtained before [13]. Black strings
constructed from abelian Maxwell fields were known [14],
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so we wish to carry the construction to cover the non-
abelian YM fields. Our method of introducing the YM
fields makes use of the Wu-Yang ansatz [15] which was
extended to all higher dimensions [16–18]. When re-
stricted to d = 4, our YM field becomes almost same
with the abelian Maxwell field [19], therefore in our pro-
cedure higher (d ≥ 5) dimensions become significant. We
had found also the YM version of the Born-Infeld (BI)
electrodynamics which was devised originally to remove
divergences in classical electromagnetism. In particu-
lar limits we can remove the BI contribution to retain
the usual YM-dilaton coupling in our model. The orig-
inal Kaluza-Klein (KK) theory was to employ less (or
no) fields other than gravity and to derive physical fields
through a dimensional reduction. Thus, one can gener-
ate dilaton and electromagnetic fields from pure gravity
by proper reduction procedure. Likewise, by lifting the
spacetime to higher dimensions we dissolve some of the
fields and simplify our action to the extreme of pure ge-
ometrical one. In addition, in this study we compare the
entropies of black strings and black holes of same dimen-
sionality to see which one is favorable. Since the natural
flow is from a smaller to a larger entropy state this at
least gives us an analytic method to find which state is
more stable or not, to decay into the other. The possibil-
ity of decay into a group of naked singularities has been
considered recently [20].
II. EYMBID THEORY IN BRIEF
In this section we give a short review on the black
hole solution in EYMBID theory found previously in [13].
For details one may consider Ref. [10] as well. The
d−dimensional action in EYMBID theory is given by
I =
1
16piG(d)
∫
M
ddx
√−g¯
(
−R¯+ 4
d− 2
(∇¯ψ)2 − L (F¯, ψ)) ,
(1)
2where R¯ is the Ricci scalar, ψ is the dilaton and YM
2-form field is defined by [16–18]
F¯
(a) = dA¯
(a)
+
1
2σ
C
(a)
(b)(c)A¯
(b) ∧ A¯(c) (2)
with structure constants C
(a)
(b)(c). Our choice of YM poten-
tial A¯(a) follows from the higher dimensional Wu-Yang
ansatz [15–18] and the coupling constant σ is expressed
in terms of the YM charge. The Lagrangian L
(
F¯, ψ
)
is
chosen as
L
(
F¯, ψ
)
= 4β2e4αψ/(d−2)×
1−
√
1 +
Tr(F¯
(a)
λσ F¯
(a)λσ)e−8αψ/(d−2)
2β2

 (3)
in which α and β are the dilaton and BI parameters,
respectively. For brevity, let us introduce the following
abbreviation
L (X) = 1−
√
1 +X, (4)
in which
X =
Tr(F¯
(a)
λσ F¯
(a)λσ)e−8αψ/(d−2)
2β2
, Tr(.) =
(d−1)(d−2)/2∑
a=1
(.) .
Our choice for the metric ansatz is
ds¯2 = −f¯ (r) dt2 + dr
2
f¯ (r)
+ h¯ (r)
2
dΩ2(d−2), (5)
in which f¯ (r) and h¯ (r) stand for functions of r and
dΩ2(d−2) is the (d− 2)−dimensional unit spherical line
element. Variation of (1) with respect to g¯µν and ψ yields
R¯µν =
4
d− 2 ∂¯µψ∂¯νψ−
4e−4αψ/(d−2)
(
Tr
(
F¯
(a)
µλ F¯
(a) λ
ν
)
∂XL (X)
)
+
4β2
d− 2e
4αψ/(d−2)K (X) g¯µν , (6)
and
∇¯2ψ = 2αβ2e4αψ/(d−2)K (X) , (7)
in which we have further abbreviated
K (X) = 2X∂XL (X)− L (X) (8)
where ∂XL (X) = ∂L(X)∂X . The YM equations take the
form
d
(
e−4αψ/(d−2)⋆F¯(a)
)
+
1
σ
C
(a)
(b)(c)e
−4αψ/(d−2)
A¯
(b) ∧⋆ F¯(c) = 0 (9)
where the hodge star ⋆ implies duality. It can readily be
seen that for β → 0 (i.e. no YM field) Eq.s (6)-(7) reduce
to
R¯µν =
4
d− 2 ∂¯µψ∂¯νψ, (10)
and
∇¯2ψ = 0 (11)
which refer simply to the gravity coupled with a massless
scalar field. The limit β →∞ removes BI theory and we
obtain simply EYMD theory, which will be the subject
of Sec. III.
Exact solution for the metric (5) and dilaton are given
by [13]
f¯ (r) = Ξ
(
1−
(r+
r
) (d−3)α2+1
α2+1
)
r
2
α2+1 , (12)
h¯ (r) = Ae−2αψ/(d−2), (A = constant) (13)
and
ψ = − (d− 2)
2
α ln r
α2 + 1
, (14)
in which
Ξ = − 4β
2
(
α2 + 1
)2K (X)
(d− 2) ((d− 3)α2 + 1) (15)
and
r+ =
(
4
(
α2 + 1
)
MQL
(d− 2)Ξα2Ad−2
)
. (16)
Here MQL stands for the Quasi-local mass [21] and the
constants satisfy the constraint condition
4K (X)β2A4 (α2 − 1)+
(d− 2) (d− 3) (4Q2∂XL+A2) = 0. (17)
It is of utmost importance to comment at this point, with
reference to [13], that the solution for ψ and the invariant
of YM field Tr(F¯
(a)
λσ F¯
(a)λσ) just compensates each other
to yield X = const., namely
X =
(d− 2) (d− 3)Q2
2β2A4
. (18)
As a result we have L (X) = const., K (X) = const. and
Ξ = const., so that the foregoing expressions become
meaningful.
3III. EYMBI BLACK STRING
Now let’s consider a (d+ 1)−dimensional space time
as
ds2 = e−bψds¯2 + eb(d−2)ψdz2 (19)
in which b =constant, ds¯2 is our line element (5) and z is
an additional, compact Killing coordinate (0 < z ≤ L).
Our new action modifies into
I =
−1
16piG(d+1)
∫ L
0
dz
∫
ddx
√−g×
R+ 4β2

1−
√
1 +
Tr(F
(a)
λσ F
(a)λσ)
2β2



 , (20)
where the d+1 and d−dimensional quantities are related
as follow
√−g = e−bψ√−g¯, (21)
R = ebψ
[
R¯+ b
{
∇¯2ψ − (d− 1) (d− 2)
4
b
(∇¯ψ)2}] ,
(22)
A
(a) = A¯(a), (23)
and
F = e2bψF¯ , (24)
in which
F = F (a)λσ F (a)λσ, F¯ = F¯ (a)λσ F¯ (a)λσ. (25)
It is a straightforward calculation to show that while F¯ (a)
satisfies the YM equations in d−dimensions F (a) = F¯ (a)
satisfies the YM equations in d+1−dimensions. By sub-
stitutions directly into (20) and integrating over the com-
pact coordinate (i.e.
L∫
0
dz = L.) we arrive at the action
I =
−1
16piG(d)
∫
ddx
√−g¯ ×
(
R¯ − 4
(∇¯ψ)2
d− 2 +
4β2e
4ψ
(d−2)
√
d−1

1−
√
1 +
F¯e
−8ψ
(d−2)
√
d−1
2β2



 , (26)
in which the Newton’s gravitational constant G(d) is re-
lated to its 4d version by G(d) = G(4)L
d−4. This is
nothing but the d−dimensional action for the choice
α = 1√
d−1 and b = − 4(d−2)√d−1 in the EYMBID the-
ory. Now, by expressing the d + 1−dimensional black
string metric in the form
ds2 = −f1 (r) dt2 + dr
2
f2 (r)
+
f3 (r) dz
2 + f4 (r) dΩ
2
(d−2) (27)
in which fi (r) are functions of r only serves to construct
the latter from the known solution of EYMBID black hole
solution in d−dimensions. The routine identification of
the metric functions go as follows
f1 (r) = e
−bψ f¯ (r) , (28)
f2 (r) = e
bψ f¯ (r) , (29)
f3 (r) = e
b(d−2)ψ , (30)
and
f4 (r) = e
−bψh¯ (r)2 (31)
where ψ, f¯ (r) and h¯ (r) are given in (12)-(15). Let
us note that in lifting of the solution to the d +
1−dimensional string solution the dilatonic component
already disappeared. The EYMBI black string solution
given in (27) has a horizon given by f1 (r+) = 0, which
is given by (16). The entropy is defined as
S =
AH
4G(d+1)
, (32)
in which
AH =
2pi
d−1
2 L
Γ
(
d−1
2
)f4 (r+) d−22 √f3 (r+) (33)
and
G(d+1) = G(4)L
d−3 =
Ld−3
16pi
. (34)
Here we set 16piG(4) = 1 and therefore
S =
8
Ld−4
pi
d+1
2 f4 (r+)
d−2
2
√
f3 (r+)
Γ
(
d−1
2
) . (35)
Explicitly one finds
f1 (r) = Ξ
(
r2(d−2)/d − r2(d−2)/d+
)
, (36)
f2 (r) = Ξr
4/d
(
r2(d−2)/d − r2(d−2)/d+
)
, (37)
and
f3 (r) = r
2(d−2)
d , f4 (r) = A
2 = const.. (38)
A substitution in (35) implies
S =
8
Ld−4
pi
d+1
2
Γ
(
d−1
2
)ξd−2r (d−2)d+ . (39)
Now we calculate the Hawking temperature
TH =
1
4pi
f ′1 (r+) =
Ξ (d− 2)
2dpi
r
d−4
d
+ (40)
and the specific heat capacity of the black string
Cq = TH
(
∂S
∂TH
)
q
=
d− 2
d− 4S (41)
which clearly diverges for d = 4. This is expected as the
Hawking temperature in (40) for d = 4 is constant with
respect to r+.
4IV. EYM BLACK STRING
From the action (1) it can be shown easily that
lim
β→∞
L
(
F¯, ψ
)
= −e−4αψ/(d−2)F¯ (42)
which is the dilaton-YM coupling Lagrangian and accord-
ingly the resulting field equations reduce to
R¯νµ =
4
d− 2δ
ν
µ
(∇¯ψ)2+
2e−4αψ/(d−2)
[
Tr
(
F¯
(a)
µλ F¯
(a)νλ
)
− 1
2 (d− 2) F¯δ
ν
µ
]
, (43)
and
∇¯2ψ = −1
2
αe−4αψ/(d−2)F¯ . (44)
With the invariant YM equation and same ansatz metric
as (5) we obtain the solution
ψ = − (d− 2)
2
α ln r
α2 + 1
(45)
f¯ (r) = Ξ
(
1−
(r+
r
) (d−3)α2+1
α2+1
)
r
2
α2+1 , (46)
and
h¯ (r) = ξe−2αψ/(d−2), (47)
in which
Ξ =
(d− 3)
((d− 3)α2 + 1)Q2 , ξ
2 = Q2
(
α2 + 1
)
. (48)
The corresponding EYM black string metric is same as
(27), and upon setting α = 1√
d−1 and b = − 4(d−2)√d−1
the d−dimensional action casts into
I =
−1
16piG(d)
∫
M
ddx
√−g¯×(
R¯− 4
d− 2
(∇¯ψ)2 − e−4αψ/(d−2)F¯) . (49)
By choosing the (d+1)−line element as in (27) we iden-
tify the EYM black string metric functions easily. Here
also it is remarkable that the physical properties of the
black string is identical with those given in Eq.s (39)-
(41). Specifically we concentrate on the entropy of the
EYM black string which can be written as
SBS =
8
Ld−4
pi
d+1
2
Γ
(
d−1
2
)Ad−2r (d−2)d+ . (50)
Our aim is to compare the entropy of d+1−dimensional
EYMBS with the entropy of the d+1−dimensional EYM
black hole which was found recently in [18]. The spher-
ically and static line element of the solution reported in
[18] is given by
ds2BH = −f (r) dt2 +
1
f (r)
dr2 + r2dΩ2d−1 (51)
where
f (r) =
{
1− mr2 − 2Q
2
r2 ln r, d = 4
1− mrd−3 − (d−2)Q
2
(d−4)r2 , d ≥ 5
(52)
in which Q is the YM charge and m is an integration
constant related to the mass of the black hole. (We note
that N in [18] is d + 1 in (51) and (52) in this paper.)
The entropy of the d + 1−dimensional EYM black hole
(51) is given by
SBH =
pi
d+1
2
4Γ
(
d−1
2
)rd−1h (53)
in which rh indicates the horizon of the black hole. Our fi-
nal argument is to define the micro-canonical equilibrium
condition for the electric black string as SBS > SBH . The
corresponding critical curve is defined as SBS = SBH
which describes a reversible transformation. Unlike the
usual approach we find the critical curve by equating the
horizon of the BS and BH i.e., r+ = rh. This leads to
32Ad−2
Ld−4
= r
d(d−2)+2
d
+ (54)
or equivalently
32
Ld−4
(
Q2d
d− 1
) d−2
2
= r
d(d−2)+2
d
+ . (55)
As an example to the foregoing analysis we obtain a
particular 5D−black string as follows. We recall that
in d = 4, EYMD black hole solution coincides with the
NAF black hole solution in EMD gravity [22, 23]. Thus,
for d = 4 we obtain
ψ = − α ln r
α2 + 1
, (56)
f¯ (r) = Ξ
(
1−
(r+
r
))
r
3
2 , (57)
h¯ (r) = ξr1/4, (58)
in which Ξ = 34Q2 , ξ
2 = 43Q
2, α = 1√
3
, b = − 2√
3
and
e−bψ = r−1/2. (59)
Now from the identification (28)-(31) the 5D−black
string metric follows
ds2 = −3 (r − r+)
4Q2
dt2+
4Q2
3r (r − r+)dr
2 + rdz2 +
4Q2
3
dΩ22. (60)
5This line element has the Ricci (R) and Kretchmann (K)
scalars as
R =
3
8Q2
(61)
and
K =
171
64Q2
(62)
which reveal the regularity of the string metric. For
large YM charge it is observed that these invariants get
smaller. The resulting action is expressed by
I =
−1
16piG(5)
∫ L
0
dz
∫
d4x
√−g (R−F) (63)
in which F is the Maxwell invariant without dilaton.
Here we also calculate the Hawking temperature
TH =
1
4pi
f ′1 (r+) =
3
16piQ2
(64)
which is constant.
V. CONCLUSION
Black strings in (d + 1)−dimensions are constructed
from d−dimensional black holes in the presence of non-
abelian YM fields. Particular black strings are obtained
from the EYMD black holes. Dilatonic coupling is strong
enough to convert spacetime into a NAF one. We go
one more step ahead to consider BI coupling out of the
YM field which makes the overall model highly non lin-
ear. In the limit (β → ∞) of BI we recover the stan-
dard YM theory coupled with the dilaton. Our explicite
5−dimensional black string (58) has a unique structure:
it admits a uniform Hawking temperature TH , irrespec-
tive of both the horizon radius and quasi local mass. This
implies that any thermodynamical stability analysis on
TH fails to work. We didn’t investigate the GL type in-
stability for our black string, but it is our belief that it
remains intact. For the particular dimension d = 4 we
obtain a diverging specific heat Cq →∞ which signals a
phase transition from a black string to other structures.
The equality SBH = SBS , however, suggests a reversible
transformation between the BS and BH. Any entropy
dominance between the two will support the existence of
one relative to the other.
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